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ABSTRACT: A new theoretical approach which describes the formation of banded textures in liquid
crystalline polymers is introduced. The approach incorporates the concept of extended curvature elastic
free energy in describing the response of the director field to strain recovery. Physically, this corresponds
to accounting for an additional energetic penalty for deformation of the director field over very short
distances, resulting from the natural persistence of orientation in rigid polymer chains. Both analytical
and numerical results indicate that periodic patterns are spontaneously generated whenever the
magnitude of the second-order gradient terms exceeds a critical value. Numerical investigations of two-
dimensional systems reveal that elastic anisotropy has a significant effect on the aspect ratio and

orientation of the patterns formed.

1. Introduction

It is a well-established fact that the behavior of liquid
crystalline polymers (LCPs) is characterized by a wide
variety of unexpected phenomena, many of which
remain unexplained. One of the most intriguing phe-
nomena associated with LCPs is the observation of
“banded textures” during and after shear or elongational
flow.! The appearance of these structures is the result
of the creation of a sinusoidal or zigzag director profile
along the direction of flow.2=* The formation of these
structures has been shown to significantly affect the
mechanical properties of liquid crystalline polymer
fibers® and films® and is an important consideration in
processes such as extrusion” and injection molding.8

Banded textures can form in many different circum-
stances, and although there are broad similarities
between these structures, the different mechanisms
responsible for their formation result in very different
behaviors. Therefore, it is important to distinguish
exactly which “banded texture” is being considered,
since failure to do so inevitably results in further
confusion of the overall picture. In this paper, a new
mechanism for the formation of the banded textures
observed immediately after the cessation of shear at
high shear rates (where significant alignment of the
LCP material is achieved) is described. It is under these
circumstances that the formation of banded textures has
been perhaps the least well explained and, therefore,
where a significant opportunity to investigate new ideas
exists.

Because many different suggestions as to the origin
of the banded textures that appear after cessation of
high-speed flow in LCPs have been offered, it is difficult
to know which aspects of the formation process inves-
tigators should focus on. Therefore, an important con-
tribution of any new model would be to demonstrate
which properties of LCPs are crucial to the texture
formation process and therefore deserve further inves-
tigation. Moreover, an understanding of why such
banded textures tend to form in LCPs but not small
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molecule liquid crystals or flexible polymers would be
very useful for the design of new materials based on
liquid crystals.

The most well-known publication on this subject is
the work of Kiss and Porter,® who studied films of poly-
(y-benzyl-glutamate) (PBG) solutions in m-cresol. Many
of the studies of banded textures in LCPs in the
following years included observations of patterns formed
after cessation of high-speed flow,1°-1¢ although some
materials, most notably anisotropic solutions of PBG,
did not consistently form banded textures under these
particular circumstances.'® On the other hand, it has
been shown for liquid crystalline solutions of both poly-
(p-phenylene terephthalamide) (PPTA)2° and natural
silk!* that this type of banded texture can be either
eliminated or made to appear as a result of physical
processing of the material. Therefore, a proper under-
standing of the mechanism of formation for these
patterns should have important consequences for the
processing of LCPs as well as the development of new
materials.

Over the years a number of suggestions as to the
source of banded texture have focused on compressive
stresses in LCPs.15 Recently Vermant and co-workers?®
suggested the contraction of stretched twist disclination
loops as the source of such stresses, and Fisher, Keller,
and Windle2? suggested that the director field experi-
ences buckling under compressive stresses which appear
after cessation of flow. The source of these stresses was
postulated to be some form of network structure within
the material. Further work by Windle?* has shown that
the dynamic viscoelastic characteristics of LCPs are
indeed consistent with the presence of a network
structure.

Although the molecules of liquid crystalline polymers
are generally thought of as existing in an extended
conformation, the nature of the entangled network
which permits the transfer of elastic stresses in the
material has received increasing attention recently.'®
Since it has been shown both theoretically?® and ex-
perimentally?’ that LCPs of sufficiently high molecular
weight will adopt a biased random coillike conformation,
the existence of linear entanglements in LCPs is quite
probable. A network structure will impart a degree of
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elasticity to the material that would not be expected if
the molecules adopted a simple extended conformation.
The effects of this elasticity must be taken into account
in order to understand the dynamics of LCPs during
the formation of banded textures.

The idea that LCPs experience stress relaxation after
cessation of shear is well accepted. In fact, the formation
of the banded structure has even been associated with
a specific phase of stress relaxation following flow in
nematic solutions of the rigid rod polymer poly(1,
4-phenylene-2,6-benzobisthiazole) (PBZT).?® However,
why the structure should relax to a periodic state is not
well understood. In low molecular weight liquid crystals,
periodic structures often form as part of a transient
response during reorientation induced by external
fields.2® After a short time, though, these structures
disappear in favor of a “domain wall” texture. In
contrast, the periodic structures that form in LCPs are
known to be much more stable.3® Although stable
periodic structures can form in LCPs for a number of
reasons, including the presence of a high degree of
elastic anisotropy when splay—twist deformation is
involved, as pointed out by Meyer,3! the resultant
texture is a set of stripes that run parallel to the director
and therefore does not explain the banded textures
associated with cessation of shear flow, which are
aligned perpendicular to the director and involve mainly
bend deformation. Thus, an important element in any
model of banded texture formation should be the mech-
anism by which stress relaxation can lead to stable
periodic textures such as those observed experimentally
after cessation of flow.

In addition, any investigation of pattern formation in
liquid crystalline polymers must take into account the
fact that the orientation of the director is very often
nonuniform under quiescent conditions. Therefore, the
possibility that a preexisting structure is responsible for
the formation of the banded texture must be considered.
Even though this is indeed the case for banded textures
that form after flow at low strain rates,'® two important
observations make it unlikely that the same mechanism
is at work in cases involving high-speed flows. The first
is the well-known tendency for the orientational het-
erogeneity in liquid crystalline polymers to disappear
during flow if the rate of strain is sufficiently large.32:33
The second is the observation by Srinivasarao and
Berry34 that banded textures in PBZT solutions formed
after high-speed shearing of samples that were carefully
prepared so as to have an initially uniform orientation
of the director. Ideally, any model of banded texture
formation in LCPs should be able to explain the
observed patterns which arise when no initial texture
is present while retaining the ability to describe the
transformation of preexisting structures into banded
textures along the lines of existing theories.

2. Model for LCP Reorientation Dynamics

2.1. Development of the Model. Since the forma-
tion of banded textures after cessation of shear is
associated with dynamic phenomena, a clearer picture
of why these patterns form can only be obtained if the
reorientation dynamics of the LCP director field are
studied. These dynamics are at least partially governed
by the elastic free energy, which in liquid crystals is
traditionally given by the Frank free energy.3® This free
energy is based on the concept of curvature elasticity,
in which the first spatial derivatives of the director field
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(known as curvature strains) are assumed to play a role
similar to ordinary strains in elastic materials. The
Frank free energy (Fce) is given by the expression

FE =

JfBHa(7n) o0V x )+ kgl x ¥ x )} dv
@

where the parameters ki, ko, and k; are referred to as
splay, twist, and bend elastic constants, respectively,
and where the unit vector n represents the liquid crystal
director.

The Frank free energy provides an adequate descrip-
tion of curvature elasticity in low molecular weight
liquid crystals. However, it is important to consider
whether the Frank free energy is capable of adequately
describing curvature elasticity in LCPs. The Frank free
energy is based on the traditional continuum description
of liquid crystalline materials which requires an “ele-
mentary volume” composed of many chain segments
that can behave independently of each other, that is,
longer than the persistence length of the chain in the
nematic state. However, the banded textures that
appear in LCP materials can have periodicities as small
as 500 nm,%¢ which is not much larger than the
persistence length of many LCPs in the nematic state
(around 30 nm for PPTA fibers).3’” As a result, it is
clearly difficult to fully satisfy the assumptions of a
traditional continuum theory in this case.

However, it is possible to describe the formation of
banded textures using a modified continuum theory
which does not require chain segments with independ-
ent orientations. Although this situation is mathemati-
cally complex, one very simple means of approximating
the distance-dependent correlation between chain seg-
ments is to incorporate higher-order gradient terms in
the curvature elastic free energy.3® This is the equiva-
lent of a lattice model in which not only nearest
neighbors, but also second-nearest neighbors influence
the orientation. The resulting free energy functional
(which will be referred to as the extended Frank free
energy) takes the form

1
I:ce = ‘/;/{E[kijlmvinjvlnm + qurstuqunrvstnu]} dv (2)

where Kijim and epgrstu are referred to as first-order and
second-order curvature elastic constants (with repre-
sentative magnitudes k and ¢) for clarity. The last term
in the above expression imposes an additional energetic
penalty for deforming the material over small length
scales. This additional penalty becomes significant when
the deformation occurs over length scales less than (e/
k)2, The result is an extended curvature elasticity in
which deformations over distances smaller than (e/k)?2
tend to be suppressed more than normal, corresponding
to the effects of chain rigidity. In multidimensional
cases, this quantity should be anisotropic since the
persistence of orientation in directions perpendicular to
polymer chains should be much less than in directions
along the chain.

To reveal whether the use of the extended Frank free
energy has any significance in explaining the formation
of banded textures, the reorientation dynamics of the
director field must be investigated. The investigation
must also include the effects of stress relaxation after
cessation of flow in LCPs due to ordinary (rubberlike)
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elasticity. This stress relaxation should be accompanied
by strain recovery. One means by which strain recovery
can occur would be by affine center-of-mass motion of
the material. Such motion involves the bulk flow of LCP
material accompanied by a reduction in the overall local
orientation, and has been observed to occur on time
scales of tens to hundreds of minutes after cessation of
flow,28 which is much longer than the time scale
associated with the formation of banded textures.
Another means by which strain recovery can occur is
a local rotation of the director field. Since the director
field is based on the direction of orientation of physical
chain segments, a rotation of the field must correspond
to an overall rotation of physical elements. If these
elements experience a net rotation away from the
direction of flow, then the overall dimensions of the
material in the flow direction will be reduced. In
addition, the rotation would generate backflow in order
to maintain a constant density. Because of this backflow,
the deformation would not be affine. If the deformation
involved is small and occurs slowly, however, the
backflow will be almost completely confined to directions
perpendicular to the direction of strain recovery®? and
its impact on the reorientation of the director will be
small. Under these circumstances, we can link the
director field (which is considered incompressible) to the
strain in the material (denoted by 1) by writing

Mo =1, 3)

where A, represents the initial value of the recoverable
strain at the beginning of the reorientation and z is the
direction of the strain (thus, initially n, = 1). If a simple
neo-Hookean potential (in planar uniaxial extension, for
instance) is used, the result is

Fo = Z{W[(Aronz)z + Uen)’ — 21} dV  (4)

where W is the ordinary elastic modulus. The total free
energy is then the sum of the extended curvature
elasticity and the ordinary elasticity, or

1
F= L{E[kijlmvinjvlnm + 6pqrstuqunrvstnu] +
W[Cign,)” + U(ion) = 21} V. (5)

A system governed by this type of free energy functional
will attempt to relieve strain energy by reorienting the
director field. Although in reality the coupling between
the director field and strain recovery can be much more
complicated, this simplified model should suffice to at
least capture the qualitative behavior of the system
when the amount of reorientation is small.

Although the model derived so far is a general
multidimensional one, the number of parameters it
contains is potentially enormous. However, it is possible
to reduce the number of parameters by considering the
symmetries of LCP materials, especially in the nematic
state. If a two-dimensional system is considered, then
in the case of first order curvature elasticity, there are
only two basic deformation types (splay and bend), with
moduli represented by k; and ks, respectively. For
second-order curvature elasticity, only three basic types
(with moduli represented by €11, €13, and e33) exist. In
vector form the curvature elastic free energy, Fce, is
given by
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K, (Vn)? + ky(nx V x n)® +

1|es[n x V x n(V-n) = 2(n x V x n)(V-n)]* +
,/\]/ 2 2 212 dv
€3[V-N(V:eN) — (Ven)* + (N x V x )" +
€N X VxNxVxn+2nxVx n)(v-n)J?
(6)

For simplicity the director may be represented by a
single angle 6 which measures the deviation from the
direction of flow. This allows the following expression
for the curvature elastic free energy to be developed:

— 20 86 70 %0
Foe = j;/{ [ ”(G)BX 0X; qk'm“(e)ax 9%, 0X X ]} d\(/ )
7

Here, the functions p;j(#) and gumn(0) depend on the
given coordinate system. For instance if 6 = 0 corre-
sponds to the direction of alignment, then p11(6) = ky
sin? 6 + ks cos 2 0 and 1111 = €11 Sin* 0 + €13 sin 2 O cos
20 + €33 c0s 4 0.

Since initially the direction of strain corresponds to
the direction of initial alignment (that is, & = 0), then
n; = cos 6, and, for planar uniaxial extension

Fo= [ IW(L cos®6 + 1/(4,,° cos®6) — 2)] dV  (8)

We can further simplify matters by introducing a small
angle approximation, namely, cos 6 ~ 1 — 6%/2, and
therefore 1/cos 6 ~ 1 + 62/2. Then, by introducing the
variable v = 4(A,o — 1), given that if the angle 6 is small,
then the recoverable strain must be small as well, we
can write, 4,02 = (1 + /42 ~ 1 + /2, and /A2 ~ (1 —
Yl4)? ~ 1 — /2, so that, after substitution, eq 8 becomes:

Fel = ‘/;/{W

(%04 P+ 1)(1 +pl2) +
(41194 + 02+ 1)(1 —pl2 - 2]} dv

or

=L

Note that this form represents a simple symmetric
double-well potential with a maximum at 6 = 0 and
minima at 0 = +y'2,

Given the free energy functional, the equation of
motion for the system can be written using the time-
dependent Ginzburg—Landau (TDGL) equation. The
curvature elastic part of the equation of motion is given

by

( Loe 1/)92)] v ©)

90 36 20
= P Vox: ox. x; + p”w)ax ax
70 90 30

q klmn( )ax 8X aX ax _lemn( )8X aX aX aX (10)

where the primes denote differentiation with respect to

6. The ordinary elastic part of the equation of motion is
given by

90,
— = 2W[yo — 67 (11)
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These two can be added together to form a partial
differential equation which may be solved by analytical
methods in very simple cases or by using an appropriate
numerical technique for more complex cases. The solu-
tion is then the time-dependent behavior of the system,
from which key characteristics may be extracted as a
function of the system parameters.

2.2. Analysis for the One-Dimensional Case. For
the purposes of analysis, a simple one-dimensional
version of eqs 7 and 9 with the one-constant approxima-
tion for Frank elasticity can be written as

=R L

The resulting equation of motion is then

+ W(%G“ - wez)} av (12)

00 _ %0 0 3
vy 2W[yo — 6% (13)

which can be normalized to give

30 _ 96 30 6°
T_27 _p2719-L 14
o gx? Taxt Y (14)

with the dimensionless parameters, 7 = 2Wy/y)t, X2 =
(2Wylk)x?, and 8 = 2Wyelk2.

Equation 14 is actually a slightly modified form of the
extended Fisher—Kolmogorov (EFK) equation.*%41 The
behavior of this equation has been analyzed both
physically and mathematically. The most important
result of this analysis has been to confirm that periodic
solutions of the homogeneous version of this equation
do exist if the dimensionless parameter  exceeds a
critical value;*? otherwise, the system displays the
solitary wave behavior typical of the traditional Fisher—
Kolmogorov equation.*® Moreover, the dynamics of this
equation have been examined in the context of the
marginal stability hypothesis*~47 in order to provide
an estimate of both the speed at which a periodic
pattern propagates across the system and the associated
periodicity as a function of 5. These analyses also predict
the formation of a pattern with a uniform periodicity
that eventually remains constant over time by a dy-
namic selection mechanism. Another important implica-
tion of the above analysis comes from the work of
Aronson and Weinberger,*® which shows that for similar
equations the qualitative behavior of the system is the
same for almost any function that is qualitatively
similar to the last two terms of eq 14. This means that
the behavior displayed by the system is insensitive to
the exact details of the regular elastic strain energy
function and its coupling to the director field, thus the
approximate treatment given above should suffice to
capture qualitatively the system behavior.

3. Numerical Analysis Procedure

3.1. Simulation Method. Since banded textures are multi-
dimensional patterns, a more complete model of their forma-
tion should involve at least two dimensions. Investigating the
behavior of these models requires numerical solutions for the
multidimensional form of eq 14, because the ability to analyti-
cally solve the multidimensional equations is extremely lim-
ited. To obtain the time-dependent numerical solutions, a finite
difference scheme in two dimension was employed using
Euler's method with central spatial differences. Both the grid
spacing and the time step were maintained at values that were
sufficiently small to ensure that changes in them had only a
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Figure 1. One-dimensional profile of the evolution of the
director governed by the extended Frank free energy. (a) When
B = 0, a propagating solitary wave results; (b) when g = 0.5,
a periodic pattern forms. The arrows indicate the location of
the leading edge of the wave front at various values of 7. In
both cases, 6§ = 0 at r = 0 throughout the system.

slight influence on the results. Moreover, quantitative infor-
mation, such as the propagation velocities of the patterns, was
always obtained by running simulations at the same Courant
number (A7/AX?) but different grid spacings (AX) and extrapo-
lating to AX = 0, keeping in mind that the errors obtained
using central differences are O(AX)?. In addition, a few
simulations were carried out using the more complex alternat-
ing directional implicit method with similar grid sizes and time
steps in order to determine whether the results depended on
the simulation scheme. The results of these simulations were
found to be nearly identical to those carried out using Euler’s
method under the same conditions.

3.2. Validation of the Method. Although it is difficult to
establish the validity of the complex multidimensional solu-
tions of eq 14 directly, the results of the model in the one-
dimensional case can be used to test the accuracy of the
numerical technique. By introducing a disturbance uniformly
along one edge of the grid and using no-flux boundary
conditions along with the one-constant approximation for
curvature elasticity, the patterns which form vary only along
the direction perpendicular to the line of disturbance; hence,
they may be compared to results obtained using the analytical
methods discussed earlier. These methods may be used to
compute the propagation velocity of the pattern as a function
of 3, the value of § at which the transition to periodic pattern
formation takes place, and the wavelength of any periodic
patterns formed.

The most important of these quantities is the critical value
of B for periodic pattern formation. This value may be
determined approximately by simply examining the behavior
of the system over a wide range of 8 values. For instance, in
Figure 1a, a one-dimensional view of the director pattern at
various times is shown for the case = 0. As can be seen, the
system is transformed from the unstable orientation at 6 = 0
to a stable orientation at 6 = 1. In Figure 1b, the value of § is
0.5, and now the pattern which propagates through the system
is periodic. However, because the wavelength of the pattern
is predicted to become infinitely large near the transition point,
a more sophisticated method for detecting the transition is
needed. Such a method is demonstrated in Figure 2a, which
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Figure 2. Evolution of the director profile for nonzero values
of B. (@) The magnitude of the overshoot as a function of X
(AX = 0.25) showing that between g = 0.09 and 0.1, a
transition from a damped overshoot to a growing overshoot
takes place. The result is the periodic pattern illustrated in
part b. Extrapolation to AX = 0 gives § = 0.096 for the
transition to periodic pattern formation.

shows the maximum value of the overshoot (depicted sche-
matically in Figure 2b) in a propagating pattern plotted as a
function of position for different values of 5. At low values of
£, any initial transient overshoot rapidly decays, but when
reaches a value of 0.09—0.1, the overshoot decays but then
begins to grow again, indicating a loss of stability in the
traveling wave and the onset of periodic pattern formation.

To predict analytically when this transition will occur in a
dynamic system, the marginal stability hypothesis can be
employed. This hypothesis allows the properties of the propa-
gating fronts in the system to be determined from a simplified
analysis of the behavior at the leading edge of the front. On
the basis of this type of analysis, van Saarloos** determined
that the dynamically selected velocity v* of a uniformly
translating front for the extended Fisher—Kolmogorov equa-
tion would be

2 32112
*=——[1+ 365 — (1 — 12 15
\ @[ B —( B)"] (15)

This expression, of course, holds only when 8 < Y/1,. For larger
values of g, uniformly translating fronts are unstable. Thus,
the transition to periodic pattern formation should occur at 8
= Y1,. For 8 > 1/1,, the velocity of the envelope containing the
periodic pattern is given by

|4, 5 1 1+ 7 + 24872
v = 3+18ﬂ_18ﬁ\/7+24ﬁ][—v24ﬁ | (16)

The numerically observed propagation velocity, which may be
computed either by a front tracking method, or in the case of
solitary waves, by examining the rate of energy dissipation in
the system, is compared to the values predicted by the
marginal stability analysis in Figure 3a. These values agree
to within an average of 0.6% over the entire range of 5 which
was examined.
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Figure 3. Characteristics of the periodic patterns formed in
one-dimensional systems: (a) the propagation velocity and (b)
the selected wavelength as functions of §. The solid lines
represent the predictions based on the marginal stability
hypothesis, while the symbols represent the results of simula-
tions with varying grid sizes. The filled circles show the results
when extrapolated to zero grid size, which agree with the
theoretical values to within 2%.

The wavelength of the periodic pattern can be predicted
using a different form of marginal stability analysis given by
Ben-Jacob and co-workers.*® Specifically, the wavevector of the
selected pattern at the leading edge of the front can be found
by solving the equations

do _ .

a =ic and Re[w'(q)] =0 a7)

where w'(q) = w(q) — icq, c is the selected velocity of the leading
edge of the front, and w(q) is given by the linear dispersion
relationship of the equation around the point 6 = 0. Using the
combination of ¢ and q which satisfies eq 17, the wavelength
g* of the selected pattern is given by

g* = 1/c Im[w(q)] (18)

In Figure 3b, the wavelength of the patterns produced by
numerical solution are compared with the values obtained
using egs 17 and 18. The discrepancy is 1.7% on average,
although testing at the very longest wavelengths was not
attempted due to the extremely large simulation regions and
long running times required. Moreover, the numerically
observed wavelength rapidly becomes constant over time as
predicted by the marginal stability hypothesis. Altogether,
these results demonstrate that the observed patterns are
consistent with predictions based on well-established prin-
ciples of nonlinear dynamics. They therefore lend credence to
the numerical solutions obtained in more complex two-
dimensional cases.

4. Results and Discussion

4.1. Effect of “First-Order” Elastic Anisotropy.
In the two-dimensional case, there will be two “first-
order” elastic constants and three “second-order” elastic
constants, producing both “first-order” and “second-
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Figure 4. Two-dimensional pattern formed at v = 50 for (a)
both first and second-order elastic isotropy and (b) ki = 2ks
with second-order isotropy (6 = 0.5). Initially, the directors
all point in the X1 direction. A disturbance was introduced in
the upper left corner at = = 0. Darker shades represent a more
negative X2 components of the director, while lighter shades
indicate a more positive X2 component, with grays represent-
ing a director with a near zero X2 component (therefore along
X1).

order” elastic anisotropy. This elastic anisotropy can
significantly influence the behavior of the system. First-
order elastic anisotropy is attributed to the difference
in free energy needed to produce splay and bend
deformation in LCPs. As the molecular weight of the
LCP molecules increases, the ratio ki/ks can grow quite
large*® due to the fact that splay deformation in long
rigid rods requires a considerable change in density,
adding a significant energy cost to splay deformation
relative to bend deformation.> The effects of first-order
anisotropy on pattern formation are 2-fold. First, the
system will tend to avoid splay whenever possible,
creating a director field in which bend is more prevalent
than in results obtained using the one-constant ap-
proximation. Second, the velocity of wave propagation
will depend on the direction of propagation. On the basis
of dimensional analysis, the propagation velocity should
be proportional to ky/W32, For propagation parallel to
the director, k = k3, while for propagation perpendicular
to it, k = k;. Since k; > ks, the wave will propagate much
faster in the direction perpendicular to the director. The
result is a texture that is elongated in the direction
perpendicular to the director. This effect can be dem-
onstrated for periodic patterns using simulations of the
normalized versions of eqs 10 and 11. In Figure 4a, k;
= ks (first-order elastic isotropy) and €13 = 2¢11 = 2¢33
(second-order elastic isotropy), with g = 0.5 in all
directions. The resulting pattern is a series of concentric
rings, as expected for an isotropic system with a point
disturbance. In Figure 4b, k; = 2ks3 (first-order elastic
anisotropy) but the value of § is the same (0.5) in all
directions (second-order elastic isotropy). The resulting
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pattern is a series of concentric ovals, with an eccentric-
ity of about 1.4. This result is consistent with dimen-
sional analysis, which indicates that the eccentricity
should be proportional to the square root of the first-
order elastic anisotropy in such a system.

4.2. Effect of “Second-Order” Elastic Anisotropy.
It is apparent that second-order anisotropy can also
influence the pattern-forming behavior of the system.
However, the critical parameter in this case will be the
normalized second-order elastic constants (8’'s) rather
than the actual values of €11, €33, and €;3. Note: f(1; =
2W1/)611/k12, ﬂ13 = 2W1/1613/k1 ks, and ﬂ33 = 2W1/)633/k32.
Second-order elastic anisotropy may be described as the
result of a differing set of energy penalties for various
forms of deformation associated with the second-order
gradients of the director field. However, this approach
is quite complicated and difficult to visualize. A more
understandable approach to second-order elastic ani-
sotropy arises from the physical interpretation of the
origin of the higher-order gradient terms in the curva-
ture elastic free energy expression. These terms are due
to the distance-dependent orientational correlation in
the director field that results from the large persistence
length associated with LCPs. In the liquid crystalline
state, however, the persistence length will show a
dependence on direction. Specifically, for main-chain
nematic LCPs, the persistence length will be largest in
the direction parallel to the director (large €33 compared
o €11 and era).

The effects of second-order elastic anisotropy on the
pattern formation process are shown in Figure 5, parts
a—c, in which k; = ks, but only one of the second-order
terms (B33 in Figure 5a, f11 in Figure 5b, and fi3 in
Figure 5c) is nonzero. The figures clearly show that the
direction of the bands depends on the second-order
elastic anisotropy. These results can be understood in
terms of the propagation of pattern forming waves in
the system. The nature of patterns propagating along
the director is controlled primarily by 33, the nature of
patterns propagating perpendicular to the director is
controlled primarily by 11, and the nature of patterns
which form perpendicular to the direction of propagation
is controlled by f13. Whenever the value of g for the
given propagation direction is large enough, a periodic
pattern emerges. Combining the results shown in
Figures 4 and 5 reveals that a system in which k; > k3
and f33 > 811 > B13 (such as a main-chain LCP) should
exhibit stripes perpendicular to the direction of align-
ment.

4.3. Domain Growth. So far, the patterns which
have been investigated all feature a band spacing which
does not increase with time. However, this is not always
the case, as illustrated in Figure 6. The figure shows
the evolution of the pattern formed with k; = 10k3; and
B33 = 10813 = 100011 in the presence of a large amount
of thermal noise. The instability of the initial state
creates a set of elongated domains. The smaller features
soon disappear from the system, since short-wavelength
fluctuations are much less stable than their longer-
wavelength counterparts. Then, on a much longer time
scale, another transformation takes place. The curved
domain walls are slowly transformed into straight ones,
through a process in which any salients in the domain
boundaries are removed, starting with the smaller ones
and continuing through the larger ones.

The reason for this behavior is that the gradient terms
in the free energy expression function in a manner
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Figure 5. Effect of second-order anisotropy on pattern forma-
tion. The initial conditions are as in Figure 4, and k; = ks as
in Figure 4a, but in part a, 11 = 0.5 while 13 and 33 = 0, in
part b, ﬂ13 = 0.5 while ﬂll and ﬁ33 =0,and in partc, ﬂgg =05
while 811 and 13 = 0. The shading is the same as in Figure 4.

analogous to interfacial energy terms. In fact the correct
term for these domain boundaries is “antiphase bound-
aries”.®! The elimination of salients and destruction of
smaller domains is then due to the tendency to minimize
this “antifacial” energy. Moreover, in elastically aniso-
tropic systems, the antifacial energy should depend on
the orientation of the normal to the antiphase boundary,
resulting in the tendency of retaining the antiphase
boundaries that are oriented in the direction of least
energy. Since the largest contributors to this antiphase
energy are the first-order gradients of the director field,
the antiphase boundaries produced by bend deformation
should be favored over boundaries produced by splay
deformation in LCPs. When the overall deformation of
the director field is small, this means that antiphase
boundaries running perpendicular to the director should
be much more stable than those running parallel to the
director field. These results are nearly identical to those
obtained using the model of Picken and co-workers for
relaxation of domain textures in systems described by
the Frank free energy.5? Therefore, for LCPs with a
heterogeneous orientation (observed during and after
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Figure 6. Evolution of a two-dimensional system (k; = 10ks
with 11 = 0.05, 513 = 0.05, and 333 = 0.5) with a random initial
distribution of large fluctuations about X1 in the director
field: (a) =10, (b) T = 20, (c) = = 30, and (d) = = 40. Shading
is the same as in Figures 4 and 5. Under these conditions, the
average band spacing grows with time.

slow flows), the inclusion of the higher-order gradient
terms would not affect the formation of banded textures
through the mechanism described by Vermant and co-
workers.1® On the other hand, if the tendency to form a
domain texture is suppressed (as it is in high-speed
flows), a banded texture where the domains do not grow
with time is formed instead. This is illustrated in Figure
7, which shows the results of a simulation identical to
Figure 6 except that there is no initial domain texture.
Instead the bands grow from a set of isolated initial
“kink” defects in the presence of a small amount of
thermal noise. The growth of these bands creates a
pattern which is initially much more regular than the
one shown in Figure 6. As a result, the pattern changes
little once the banded texture has spread throughout
the system. Hence the band spacing will remain virtu-
ally unchanged over time. The ability to capture both
types of banded texture formation is a characteristic not
seen in previous models.

Similar results should be obtained if the calculations
were performed in three dimensions. In the three-
dimensional case, the number of elastic constants will
be larger, further complicating the calculations. In
addition, the director field must be described by two
independent quantities (such as polar and azimuthal
angles). Thus, the behavior of the system will be
described by two coupled nonlinear differential equa-
tions. Coupling effects in these equations can be impor-
tant, as demonstrated by Lonberg and Meyer,3! who
showed that they are responsible in part for the forma-
tion of stable periodic structures in LCP films subjected
to magnetic fields.

4.4, Comparison with Experimental Observa-
tions. Having demonstrated the dynamic behavior of
the system in terms of the solutions of eqs 10 and 11, it
is important to consider what comparisons can be made
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Figure 7. Evolution of a two-dimensional system (k; = 10ks
with 11 = 0.05, 813 = 0.05, and f333 = 0.5) with a random initial
distribution of small kink fluctuations about X1 in the director
field. X1 therefore corresponds to the direction of previous
shear: (a) r =10, (b) 7 = 20, (c) r = 30, and (d) T = 40. Shading
is the same as in Figures 4 and 5. Under these conditions, the
average band spacing remains nearly constant in time.

between the behavior of the model and experimental
data. One of the key predictions of the model is that
the dimensionless parameter 5 must exceed a critical
value. This dimensionless parameter is proportional to
the square of the ratio of two of the characteristic length
scales present in the system. The first, given by (e/k)Y/2,
represents the characteristic length over which the
orientation of the LCP chain segments persists. The
second, given by (k/2W)Y2, is the characteristic radius
of curvature (or scale of deformation) produced by the
stresses present in the system. When the radius of
curvature is much larger than the persistence length,
/3 approaches zero and the Frank free energy may be
used to accurately describe the curvature elastic behav-
ior of the system.

However, for any given material, the Frank elastic
constants depend on the persistence length.5354 If this
dependence is incorporated into the expression for f,
then S should increase with increasing persistence
length. Thus, one prediction of the model is that a
material must have a persistence length larger than a
critical value in order for banded textures to form for
given values of W and . Moreover, since 3 is propor-
tional to W, larger elastic stresses will favor the forma-
tion of banded textures. If these elastic stresses are
associated with an entangled network structure, then
they should be significant only when the molecular
weight exceeds a critical value. Indeed a critical molec-
ular weight threshold for the formation of banded
textures after cessation of shear has recently been
found>® that corroborates earlier studies of the effect of
molecular weight on banded texture formation.¢ These
two facts taken together mean that only materials with
sufficiently large persistence lengths and elastic stresses
(such as LCPs subjected to high-speed flow) should form
banded textures. Furthermore, the model predicts that
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when significant fluctuations of the director field are
initially present, a banded texture consisting of elon-
gated domains which grow larger with time will form,
whereas if no initial domain texture is present and
fluctuations are limited, a static banded texture will
form. Since domain textures in LCPs tend to disappear
once the shear rate is sufficient to cause flow alignment,
the model suggests that banded textures with a band
spacing that increases with time should emerge at low
shear rates, while textures with a band spacing that is
constant in time should emerge at higher shear rates.
This agrees with the results of many of the domain
growth experiments conducted by Vermant and co-
workers.1®

In addition to predicting the conditions under which
a banded texture will form, the model also allows some
approximate predictions about the characteristics of the
banded texture itself, namely the orientation and size
of the bands. In highly anisotropic materials, the bands
always run perpendicular to the direction in which the
dimensionless parameter /3 has the highest value, which
for main-chain LCPs is parallel to the director. This is
indeed a typical characteristic of banded textures which
form after cessation of flow in LCPS. According to the
model, the spacing of the bands should be around 20
times the characteristic length (k/2Wy)Y2 of the system.
The order of magnitude for k is approximately 10711 N
for many lyotropic LCPs.5” The order of magnitude of
W should be given by the network elastic modulus of
the material. Although this parameter is quite difficult
to measure in samples which are subjected to very rapid
flow, we can make an order of magnitude estimate based
on the amount of stress relaxation and strain recovery
present during band formation. Odell et al.?® observed
that the elastic stress decreased by about 10 Pa during
band formation in PBZT solutions. And, although strain
recovery up to around four strain units has been
observed for lyotropic LCPs,%8 based on the geometry
of reorientation, an order of magnitude of 0.1 for strain
recovery is much more appropriate. Therefore, an ap-
proximate order of magnitude for W is about 100 N/m2.
Moreover, a value of 0.1 for y produces a reorientation
of around 20°, which is typical of banded textures in
lyotropic LCP films. Combining these parameters pro-
duces a characteristic length of about 700 nm and a
band spacing of about 14 um. This is at least the correct
order of magnitude for the spacing of banded textures
observed in lyotropic systems (4—20 um). Thus, the
model describes the features of banded textures in a
manner that is at least qualitatively correct.

Although these results are quite basic, they demon-
strate the importance of incorporating the dynamics of
director reorientation in theoretical and experimental
research involving banded texture formation in LCPs.
It should also be pointed out that equations quite
similar to the ones derived here could result from a
number of instability mechanisms in nematics.> There-
fore, the development of the means to link the predic-
tions of pattern formation theories with experimental
results should provide a better understanding of this
phenomenon, and could prove to be a vital ingredient
in strategies to control and improve the structure and
resulting properties of LCP materials and products.

5. Conclusions

A new model has been developed which sheds signifi-
cant light on the problem of the formation of banded
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textures in LCPs after high-speed flow. For the first
time, the mechanism by which stress relaxation can lead
to the formation of stable periodic structures has been
established from first principles by considering the
effects of strain recovery in combination with extended
Frank elasticity on the reorientation dynamics of LCPs.
Moreover, analysis of the model shows that this mech-
anism is active only when a key dimensionless param-
eter in the model exceeds a critical value, a situation
which can occur only when a suitably large persistence
length is combined with a significant compressive elastic
modulus. This explains why banded textures are present
in LCPs but not small molecule liquid crystals or flexible
polymers. The effect of various forms of elastic anisot-
ropy on the characteristics of the periodic patterns
which form has also been examined, with the results
demonstrating that the model predicts the correct shape
and orientation of the bands in main-chain LCPs. In
addition, the band spacing, which can be predicted using
the model, agrees qualitatively with experimental ob-
servations. Finally, the model is able to describe the
experimentally observed formation of bands through
anisotropic domain growth, thus it retains the useful
features of existing models while representing a sig-
nificant forward step in the understanding of pattern
formation in LCPs.
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